Using δN formalism, in the context of a generic multi-field inflation driven on a non-flat field space background, we revisit the analytic expressions of the various cosmological observables such as scalar/tensor power spectra, scalar/tensor spectral tilts, non-Gaussianity parameters, tensor-to-scalar ratio, and the various runnings of these observables. Utilizing the subsequent analytic expressions for various cosmological observables, in the light of PLANCK results, we examine for the compatibility of the consistency relations within the slow-roll regime of a two-field roulette poly-instanton inflation realized in the context of large volume scenarios.
Introduction
The inflationary paradigm has been proven to be quite fascinating for understanding various challenging issues (such as horizon problem, flatness problem, etc.) in the early universe cosmology [1, 2] . Moreover, it provides an elegant way for studying the inhomogeneities and anisotropies of the universe, which could be responsible for generating the correct amount of primordial density perturbations initiating the structure formation of the universe and the cosmic microwave background (CMB) anisotropies [3] . The simplest (single-field) inflationary process can be understood via a (single) scalar field slowly rolling towards its minimum in a nearly flat potential. There has been enormous amount of progress towards constructing inflationary models and the same has resulted in plethora of those which fit well with the observational constraints from WMAP [4, 5] as well as the recent most data from PLANCK [3, 6, 7, 8] , and so far the experimental ingredients are not sufficient to discriminate among the various known models compatible with the experiments.
In general, if the perturbations are purely Gaussian, the statistical properties of the perturbations are entirely described by the two-point correlators of the curvature perturbations, namely the power spectrum. The observables which encode the non-Gaussian signatures are defined through the so-called non-linearity parameters f N L , τ N L and g N L parameter which are related to bispectrum (via the three-point correlators) and the trispectrum (via the four-point correlators) of the curvature perturbations. Although, the recent Planck data [7] could not get very conclusive so far in this regard, it is still widely accepted that the signature of non-Gaussianity could be a crucial discriminator for the various known consistent inflationary models developed so far. This could be possibly detected in the upcoming results of PLANCK. For this purpose, multi-field inflationary scenarios have been more promising because of their relatively rich structure and geometries involved [9, 10, 11, 12, 13, 14, 15] (See [16, 17] also for recent review). Meanwhile, a concisely analytic formula for computing the non-linear parameter for a given generic multi-field potential has been proposed in [18, 19] , which is valid in the beyond slowroll region as well. Recently, some examples with (non-)separable multifield potentials have been studied in [20] which can produce large detectable values for the non-linear parameter f N L and τ N L . However, most of these works were investigated on a flat background. One of the main purpose of this work is to provide a general formula for these cosmological observables on a non-flat background in multi-filed inflationary model. To illustrate the validity of these formula in a concrete model, we will utilize a so-called poly-instanton inflationary model which comes from the setup of string cosmology in Type IIB string compactification.
In the context of string cosmology, inflationary model building has been started quite early in [21] . Since string framework can provide several flat-directions (moduli), it is promising for the embedding of inflationary scenarios in string theory. In this respect, such "moduli" that have a flat potential at leading order and only by a sub-leading effect receive their dominant contribution are of interest. The perturbative effects [22, 23] as well as the instanton effects [24, 25] are proven to be extremely crucial, especially for moduli stabilization purpose. With the present understanding, it is fair to say that the moduli stabilization is quite well (and relatively much better) understood in type IIB orientifold models with the mechanisms like KKLT [26] , Racetrack [27, 28] and the large volume scenarios [29] . Significant amount of progress has been made in building up inflationary models in type IIB orientifold setups with the inflaton field identified as an open string modulus [30, 31, 32, 33] , a closed string modulus [34, 35, 36] and involutively even/odd axions [27, 37, 38, 39, 40, 41, 42] . Along the lines of moduli getting lifted by subdominant contributions, recently so-called poly-instanton corrections became of interest. These are sub-leading non-perturbative contributions which can be briefly described as instanton corrections to instanton actions. The mathematical structure of poly-instanton is studied in [43] , the consequent moduli stabilization and inflation have been studied in a series of papers [36, 44, 45, 46, 47] .
In the framework of type IIB orientifolds, several single/multi-field models have been studied for aspects of non-Gaussianities [48, 49, 50, 51, 47] . The computation of nonGaussianties in racetrack models has been made in [52] and within the framework of KKLT-like setup, a two-field inflationary model has been proposed with inflaton dynamics governed by the Calabi-Yau volume mode and the respective C 4 axion which complexifies the divisor volume mode [53] . This idea has been extended in the context of large volume scenarios to the so-called roulette inflationary models [54, 55] . Despite of being a good and simple example for multi-field inflation with a non-flat background, this class of models allows the presence of several inflationary trajectories of sufficient (≥ 50) number of efoldings with significant curving and a subsequent investigation of non-Gaussianities in such a setup has resulted in small values of non-linearity parameters in slow roll [56] and large detectable values of those in beyond slow-roll regime [47] .
The tensor perturbations can be a source of the CMB temperature anisotropies produced during inflation, and the related signatures are described by another very important cosmological observable, namely the tensor-to-scalar ratio 'r'. Despite of encoding the information about the primordial gravitational waves, the tensor-to-scalar ratio r can directly determine the inflationary energy scale and several interesting works have been done in this direction [57, 58, 59, 60, 61, 62, 61, 63] . A possible detection of r in the near future experiments can help us in many ways to understand the inflationary physics deeper, and at the same time , it can serve as a discriminator for plethora of so far consistent inflationary models. Moreover, in [64] , it was motivated that running of tensor-to-scalar ratio r could be relevant for detectability through laser interferometer experiments. On the similar lines, the importance of running of non-Gaussianiy parameters has also been motivated in [65, 66, 67, 68] and the same can be interesting in the light of the upcoming observations. See [69, 70] also, for a related analysis based on current Planck data.
In this article, our main aim is to revisit the analytic expressions of various cosmological observables (and their runnings) for a generic multi-field inflationary model driven on a non-flat background. The idea is to represent various observables in terms of field variations of the number of e-folding N along with the inclusion of curvature correction coming from the non-flat field space metric. Some crucial developments along these lines have been made in recent works [18, 66, 71, 72, 73, 74] . Subsequently, we utilize these expressions for checking the various consistency relations in a string inspired two-field 'roulette' inflationary model [47] based on poly-instanton effects. The strategy for computing the field-variations of number of e-folding N is via numerical approach following the so-called 'backward formalism' [18] and then to use the solutions for the computation of various cosmological observables. From the recent Planck data [3, 6, 7, 8] , the experimental bounds for various cosmological observables under consideration are, Scalar Power Spectrum : 2.092 × 10 −9 < P S < 2.297 × 10
−9
Spectral index : 0.958 < n S < 0.963 Running of spectral index : − 0.0098 < α n S < 0.0003 (1) Tensor to scalar ratio : r < 0.11 Non Gaussianity parameters :
while some other cosmological observables (like running of non-Gaussianity parameter) relevant for study made in this article could be important future observations.
The article is organized as follows: In section 2, we will provide relevant pieces of information regarding type IIB orientifold compactification along with ingredients of "roulette-inflationary setup" developed with the inclusion of poly-instanton corrections [36, 47] . Section 3 will be devoted to set the strategy for computing the field derivative of number of e-folding N which gets heavily utilized in the upcoming sections. In section 4, we present the analytic expressions of various cosmological parameters such as scalar/tensor power spectra (P S , P T ), spectral index and tilt (n S , n T ), tensor to scalar ratio (r) as well as their numerical details applied to the model under consideration. Section 5 deals with a detailed analytical and numerical analysis of the non-linearity parameters (f N L , τ N L and g N L ) and their scale dependence encoded in terms of n f N L , n τ N L and n g N L parameters. Finally an overall conclusion will be presented in section 6 followed by an appendix A for intermediate computations.
Preliminaries
In order to illustrate the general formula for multi-field inflation model on a non-flat background, we collect the relevant ingredients for a concrete model comes from type IIB orientifold compactification with the inclusion of poly-instanton corrections to the superpotential. To make the article self contained, we briefly summarize the moduli stabilization mechanism discussed in [36] and the relevant part of [47] regarding the poly-Roulette inflation.
Moduli stabilization in Type IIB orientifolds
A generic orientifold compactification of Type IIB string theory on Calabi-Yau threefolds with O7-and O3-planes leads to an effective four-dimensional N = 1 supergravity theory 4 . In this case the orientifold action is given by Ω p σ(−1) F L , where σ is a holomorphic, isometric involution acting on the Calabi-Yau threefold M, Ω p is the worldheet parity, and F L is the left fermion number. In the closed string sector of the resulting N = 1 four-dimensional theory, the bosonic part of the massless chiral superfields arises from the dilaton, the complex structure and Kähler moduli and the dimensional reduction of the NS-NS and R-R p-form fields. The bosonic field content is given by
where c a and b a are defined as integrals of the axionic C (2) and B (2) forms and ρ α as integrals of C (4) over a basis of four-cycles D α . For the current work, we assume h 11 − = 0 and so there would be no odd-axion present in the four-dimensional effective theory 5 . The supergravity action is specified by the Kähler potential, the holomorphic superpotential W and the holomorphic gauge kinetic function. The Kähler potential for the supergravity action is
where V = 1 6 κ αβγ t α t β t γ is the volume of the internal Calabi-Yau threefold. The general form of the superpotential W is given as
with the instantonic divisor given by E = γ α D α . The first term is the Gukov-VafaWitten (GVW) flux induced superpotential [23] (See [78, 79] also for related work). The second one denotes the non-perturbative correction coming from Euclidean D3-brane instantons (a E = 2π) and gaugino condensation on U (N ) stacks of D7-branes (a E = 2π/N ) [24] . In terms of the Kähler potential and the superpotential the scalar potential is given by
where the sum runs over all the moduli. As in the large volume scenario [29] , the complex structure moduli and axio-dilaton are stabilized at the order 1/V 2 by K and the GVWsuperpotential, respectively. Because the Kähler moduli are stabilized by the sub-leading terms in the V −1 expansion, for this purpose the complex structure moduli and dilaton can be treated as constants.
Poly-instanton corrections
The notion of poly-instantons [45, 80, 81] means the correction of an Euclidean D-brane instanton action by other D-brane instantons. The configuration we considered has two instantons a and b with proper zero modes to generate a non-perturbative contribution to the superpotential of the form
where A a,b are moduli dependent one-loop determinants and S a,b denote the classical D-brane instanton actions. In the context of type IIB orientifolds, it has been shown that in the presence of Wilson Divisor with h 1,0 + (D) = 1, one has the right zero mode structure for an Euclidean D3-brane wrapping on it to generate poly-instanton effect in the superpotential [43] . See [46] for later work on simple K3-fibration examples suitable for the purpose.
Along the lines of [36, 47] , for phenomenological interests, let us directly proceed with the following ansatz for Kähler potential and superpotential which are suitable for studying the poly-instanton corrections in the large volume scenarios 
Note that, for h 11 − = 0, the N = 1 Kähler coordinates are simply given as T α = τ α + iρ α . Here, C α denotes the perturbative α 3 -correction given as [22] 
with χ(M) being the Euler characteristic of the Calabi-Yau. This α 3 -correction breaks the no-scale structure 6 . The large volume limit is defined by taking τ b → ∞ while keeping the other divisor volumes small.
Here, we consider a racetrack form of the superpotential as it has been realized that with a superpotential ansatz without racetrack form, one does not get a minimum which could be trusted within the regime of validity of effective field theory description [36] . Further it has been observed that the hierarchy in the standard E3-instanton contribution and the poly-instanton effects lead to hierarchial contributions in the full scalar potential. In the large volume limit, (sub)leading contributions to the generic scalar potential V(V, τ s , τ w ; ρ s , ρ w ) are 7 :
where
denotes the racetrack version of large volume potential. This potential scales as V −3 in large volume limit and stabilizes the heavier moduli {V, τ s ; ρ s }.
• The subdominant contributions V poly (V, τ s , τ w ; ρ s , ρ w ) induces the leading corrections for the Wilson divisor volume mode τ w and its respective axion ρ w , and the same scales as V −3−p . Here, the parameter p is model dependent.
After stabilizing the heavier moduli V, τ s , ρ s , one gets a two-field potential of lighter moduli τ w and ρ w which is simplified to the following expression
where we assume that a suitable uplifting of the AdS minimum to a dS minimum can be processed via an appropriate uplifting mechanism [26, 88, 89, 90, 91, 92, 93] 8 . Further, the uplifting term V up in Eq. (11) needs to be such that the uplifted scalar potential acquires a small positive value (to be matched with the cosmological constant) when 6 In the meantime, there have been proposals for string-loop corrections [82, 83] as well as 'new' α -corrections [84, 85, 86] . However, an 'extended' no-scale structure has been observed making the large volume scenarios more robust. From a field theoretic approach, similar structure has been observed earlier for certain form of corrections to the Kähler potential [87] . 7 For details of the derivation of full scalar potential and the subsequent moduli stabilization mechanism, see [36, 47] 8 Realizing de-Sitter solution in string models has been a challenging task and there have been proposals in support [26, 88, 89, 90, 91, 92, 93] or otherwise [94, 95, 96 ] from time to time. See [97] also for a very recent update. For the current analysis, following a phenomenological approach, we assume that there exists a viable uplifting mechanism.
all the moduli sit at their respective minimum. This potential has the following set of critical points
where m ∈ Z. Moreover, in order to trust the effective field theory we need
< 0. From now on, we fix our notation with a sampling of parameters such that {µ 1 > 0, µ 2 < 0} and performing the redefinitions τ w = φ 1 , ρ w = φ 2 , the uplifted scalar potential becomes
Here, a proper normalization factor gs 8π e K CS has been included [34] , where K CS denotes the Kähler potential for the complex structure moduli. For the time being, we assume that e K CS ∼ O(1). Furthermore, we set the numerical parameters for moduli stabilization similar to the ones chosen in one of the benchmark models (in [36] ). The parameters, which would be directly relevant for further computations in this article, are
The non-zero components of the 'effective' non-flat moduli space metric G ab relevant for inflaton dynamics are G 11
Note that the field space metric is diagonal and does not dependent on the second field φ 2 . The non-zero components of the Christoffel connections and the Riemann tensor are given as
Under the sampling (14) , the form of the effective two-field inflationary potential (13) is shown in Figure 1 which leads to a "roulette" type inflation [47] . 
Roulette poly-instanton inflation
In this subsection, we collect the relevant pieces of information about the "poly-roulette inflation" proposed in [47] . Using the background N e-folding number as the time coordinate, i.e. dN = Hdt, the Einstein-Friedmann equations are obtained as
Using expressions (15a) and (15b), one can derive another useful expression for variation of Hubble rate in terms of e-folding,
For numerical convenience, we solve these equations in the time basis t and then change the result back to the basis N e-folding. As introduced in [19] , we will follow the field redefinitions given as
which translates the second-order background equations of motions Eq. (15a) into two first-order Ordinary Differential Equations (ODEs) as follows
where D is the covariant derivative defined as Dϕ
Then Eq. (16) will be simplified asḢ = − 1 2
. Now, in the context of studying inflationary aspects, one has to look at the sufficient conditions for realizing slow-roll inflation which are encoded in the so-called slow-roll parameters. For multi-field inflationary process with inflatons moving in a non-flat background, these slow-roll parameters are
9 The use of this notation would be more clear in the upcoming sections. Further, we will be using a combined indexing A such that any object O A has two components given as
Now, we can solve the background field equations (18) to get the full trajectories under different initial conditions. We choose φ a (0) = φ a 0 and dφ a dt dφa dt | t=0 = 0; for a ∈ {1, 2} as a set of initial conditions and trace the corresponding trajectories up to the end of inflation. Figure 2 shows the complex evolution of trajectories for some samples of initial conditions given in Table 1 . Table 1 : Initial conditions for these trajectories shown in Figure 2 . The trajectories I, IIa, IIb and IV are chosen for studying cosmological observables in the upcoming sections.
The various inflationary trajectories shown in Figure 2 can be classified in the following categories (I) If the axion initial condition is such that the axion is minimized at its respective minimum, then two-field inflationary process reduces to its single field analogue which has been studied in [36] . These are stable trajectories and are attracted towards the respective valley in a straight line like the trajectory in Figure 2 with N F = 62. These can produce the required number of e-foldings if the Wilson divisor volume mode is displaced significantly away from the minimum.
(II) If the axion initial condition is a little bit away from the minimum, the trajectories rolls to the nearest valley and trace towards the respective minimum like those trajectories in Figure 2 with N F = 1, 67.2, 65, 98.8.
(III) If the axion initial condition starts with its value at the maximum, this results in an unstable trajectory directed straightly outwards from the respective attractor point showing a run-away behavior like the yellow trajectory in Figure 2 .
(IV) If a trajectory starts from the axion initial condition being closer (but not exactly equal) to some maximum value as well as the initial value for the divisor volume mode being not very far from its respective minimum, one observes that such an inflationary trajectory crosses several axion-ridges before getting attracted into a valley. This can be understood from the fact that this class of initial condition is such that the initial potential energy is just a little higher to begin with and the N e-folding increase very slow at the beginning of these trajectories, see Figure 2 with N F = 7.4, 44.2, 270.
For most of these trajectories except the single-field one, there exists a region of quick-roll (with η > 1) before starting the slow-roll. However, this region lasts within a couple of e-foldings. Further, there is a region in field space where there is a strong violation of slow-roll condition via η 1 before the end of inflation. This beyond slowroll regime also does not significantly contribute to the e-folding and lasts within one or two e-foldings. In this article, our main focus has been to look for the behavior of various cosmological parameters within the slow-roll regime which covers the most of the inflationary process.
Computation of field derivatives of number of efoldings (N )
To begin with, let us briefly start with stating the δN -formalism which will be useful throughout this section. This formalism relates the curvature perturbations to the difference between the number of e-foldings δN of two constant time-hypersurfaces [98] ,
Following the redefinitions of the background field evolutions (17) as made in the previous section, the perturbations of the scalar field on N = constant gauge can be expressed as
where λ's are 2n − 1 integration constants (for an n-component scalar field) which, along with N , parametrizes the initial values of the fields [19, 18] . Further, the evolution equations for these field fluctuations δϕ A can be obtained by perturbing the dynamical equation (18) for a non-flat background metric, and are simply given by [19] 
are defined as follows
, where ϕ A (0) corresponds to an unperturbed trajectory. For example, the explicit expressions for P A B (N ) are simplified to
The other expressions for Q
can be analogously computed by using the higher order covariant field ϕ A derivatives of F A . The form of δN formalism (20) to be directly used, are written out by expressing the curvature perturbations at each spatial point of the field space, and are subsequently expressed in terms of variations of the number of e-foldings in various field directions as follows
, where ϕ A (0) corresponds to an unperturbed trajectory and N F corresponds to a final timehypersurface of uniform energy density. The quantities with superscripts * mean to be evaluated at the horizon crossing.
The field variations of number of efoldings (N A 1 A 2 ....An ) play very crucial role as most of the cosmological observables can be written out by utilizing the same, and hence computing these field derivatives is always among the central task. The evolution equations for N A , N AB and N ABC are governed by the following set of coupled order-one differential equations
where it is understood that all the quantities in the right hand side of the aforementioned expressions depend on e-folding number N . The initial conditions for solving the above set of ODEs, which are the values of various derivatives of e-folding N evaluated at some final constant time-hypersurface t F (e.g. N In our two field model described in previous section, the set of equations (25) expands into 84 (4 + 16 + 64) coupled differential equations which have to be numerically solved utilizing the same number of conditions given in (26) . After having the numerical solutions to these field derivatives, one can easily compute all the cosmological observables as the same can be written in terms of N A , N AB and N ABC . In the upcoming section we would revisit the generic analytic expressions for the various cosmological observables and subsequently analyze the numerical estimates.
The expressions for quantities H
10 Expressions analogous to (25) can also be found in [72] . Although our strategy (which is based on backward-formalism) is the same to those of [18, 19] , however our approach for solving the ODEs is different as for our case the sole task has been reduced to solve coupled ODEs of tensorial objects (N A , N AB and N ABC ) instead of vector objects (N A , Θ A and Ω A ) as in [18, 19] .
4 Cosmological observables-I 4.1 Scalar power spectra, spectral index and its scale dependence Scalar power spectrum (P S )
Utilizing the generalized field derivatives of the number of e-foldings N , power spectra of the scalar perturbation modes for a multi-field inflation driven on a non-flat background can be simply given as [19] 
where the field variations of N are defined as
In general, A AB depends on the non-flat background metric. The explicit expressions for various components, after including the slow-roll corrections [99, 100, 58] , are given in Appendix A. Now, after expanding the various terms in (27), we get It is observed that the most dominant contribution comes from terms of type-I as mentioned in (28) . The shadow region shows the allowed window (1) presented by Planck [3, 6, 7, 8] .
In Figure 3 , the blue lines inside the shadow represents an intermediate value (P s * ∼ 2.1 × 10 −9 ) allowed in the constraint window. Depending on the hierarchal contributions expected 11 from the metric components A AB , we separate out the respective three kinds of terms in (28) for numerical investigations. A numerical analysis as shown in Figure 3 confirms that the most dominant contribution comes from the first piece (I) of Eq. (28). The second piece (II) shows up with some non-trivial values in one of the plots. However, the last piece (III) comes out to be negligibly small for all the trajectories. The first piece-I, which produces almost entire scalar power spectrum P S , can also be rewritten as
where in the above expression, α = 2 − ln 2 − γ 0.7296 with γ 0.5772 the EulerMascheroni constant [99, 100, 58] , and ab is defined as
For a single field (φ) inflationary model, using the slow-roll relations N 
Scalar spectral index (n S )
The spectral index for scalar perturbation modes of a multi-field inflation driven on a non-flat background can be computed from the relationt
is the covariant time derivative along a background trajectory in the field space. Using the general expression (27) of power spectrum P S , we get
For further simplification, we need to utilize the first evolution equation of efolding field derivatives (25) given as
11 Please see Appendix A for details on components of A AB and a numerical justification about the slow-roll relation 3H N where the explicit expressions for various components of P A B are given in (23) . Subsequently, the expression for scalar spectral index simples to
I II III
where we separate out the full expression for n S − 1 in three kinds of pieces for numerical investigations. A numerical analysis as reflected in Figure 4 shows that the first piece (I) is negligible and the most dominant contribution comes from the second piece (II) of Eq. (28) . The third piece (III) shows up with some non-trivial values coming from the curvature of the field space generated by {φ a ,φ a }, however the same does not significantly compete with type II contributions to change the naively expected results. Also, it was observed that for trajectories IIa and IIb, the observed values of scale violation was slightly beyond the experimental bounds. Besides, larger values indicated in the left most regime of trajectories IIa and IIb is an outcome of the fact that slow-roll is followed by a fast roll regime which lasts within one or two number of e-foldings as discussed in section 2. Although the numerical analysis is done via directly computing the numerical solutions for field derivatives of number of e-foldings, let us elaborate on the expression (32) in connection with the literature. The first two terms of (32) are similar to what have been claimed in [66] . The last one is a new type of term which does not appear in [66] because in that case A AB = A ab 11 ∼ G ab and metric being a covariantly constant object nullifies the last term. However, for our case the subleading terms are induced which are slow-roll suppressed. Utilizing the explicit expressions of P A B (23), the first two terms in Eq. (32) of spectral index are simplified to the following one in the slow-roll limit
which matches with those given in [101, 102] . Before getting to the next observable, let us have a very quick cross check for our general formula (32) for the simplest single field inflation driven by a scalar field φ on a flat background. For this case we have
Further using the slow-roll relations Nφ ∼
and φ
immediately implies that
Note that the way we define our η parameter is η ≡˙ H = 2 − η 0 where η 0 is defined as
. After implementing these redefinitions, the scalar spectral index results in n S − 1 −6 + 2 η 0 which is a well-known standard result for single field case [103] .
Running of scalar spectral index n S Using generic expression for scalar spectral index (32), one can easily compute it's running which comes out to be
where each term in big bracket is separated out for numerical comparison given in Figure  5 as under, (1) presented by Planck [3, 6, 7, 8] .
A detailed numerical analysis done for the four trajectories under consideration as plotted in Figure 5 shows that all the pieces I, II, III and IV do have non-trivial contributions, however, their combined effect is well within the experimental bounds.
Tensor power spectra and tensorial spectral tilt
Tensor Power spectra (P T )
The power spectra of the tensor perturbation modes with the leading order slow-roll correction is given as [101, 57, 104, 58] 
13 The expression is generically valid irrespective of the fact whether inflation is driven by a single field or a multi-field [64] . Figure 6 : Tensor power spectra P T plotted for the four trajectories under consideration.
Tensorial spectral tilt (n T )
The spectral tilt for tensor perturbations is defined as [101, 57, 58] As observed in Figures 6 and 7 , the tensorial power spectra and its tilt are negligibly small for all the trajectories.
Tensor-to-scalar ratio and its scale dependence
Tensor-to-scalar ratio (r)
The tensor-to-scalar ratio is one of cosmological parameters which has attracted major attention since long. In general, it is defined as the ratio of power spectra of tensor and scalar perturbation modes and can be written as under [57, 58, 60] r ≡ P T P s .
Using the field derivatives of number of efoldings, we get the following useful relation
and the numerical solutions for N A results in the plots given in Figure 8 . Also, as it has been elaborated in the appendix A, the contributions to r as given in (39) 
Running of tensor-to-scalar ratio (n r )
In [64] , it was motivated that running of tensor-to-scalar ratio r could be relevant for the detectability through laser interferometer experiments. Based on simple scaling arguments in the power spectra of scalar and tensor perturbations which is
one gets an overall scale dependence in r given as r ∝ k n T −n S +1 . Therefore, a running in the tensor-to-scalar ratio can be captured as
Further utilizing the expression (32), we get the following useful relation
The numerical details for four trajectories are given in Figure 9 . Figure 9 : Running of tensor-to-scalar ratio (n r ) plotted for the four trajectories.
Note that the aforementioned expression (42) consistently reproduces the results of [64] at the leading order which is
5 Cosmological observables-II
Non-Gaussianity parameters
The signatures of non-Gaussianities are encoded in a set of non-linearity parameters which are commonly denoted as f N L , τ N L and g N L . These are generically related to the n-point correlators of curvature perturbations; the 2-point correlators simply give rise to a Gaussian shaped power spectrum while the 3-point correlators are related to the bi-spectrum which encodes the non-Gaussianities via the non-linearity parameter f N L . Similarly, the 4-point correlators give rise to a tri-spectrum via τ N L and g N L parameters. Using the δN -formalism, the non-linearity parameters f N L , τ N L and g N L are defined as,
Based on expected hierarchial contributions, we separate out the four contributions of f N L from the generic expression (44) as below Note that from Figure 10 , it is clear that the first part is the most dominant contribution. However other parts are negligible, though non-trivial and add up significantly to the overall magnitude towards the end of slow-roll regime (and beyond which we do not explore for the time being).
Similarly, based on expected hierarchial contributions, we separate out the four types of contributions of τ N L , from the definition given in (44), as below From Figure 11 , it is clear that the first part is the most dominant contribution. Apart from the non-linearity parameters f N L and τ N L , the following relation known as Suyama-Yamaguchi inequality [105] 
is also of great importance. The equality holds for single field inflationary models. So any deviation of this parameter a N L away from unity automatically indicates a multifield process happening and then this parameter (along with others) could be a possible discriminator for the known plethora of inflationary models. The respective numerical details for the four trajectories are given in Figure 12 . Similarly, according to the expected hierarchial contributions, one can separate out the four contributions of g N L in (44) also given as below The numerical details for these non-linear parameters as given in Figures 10, 11 and 13 indicate that these parameters are negligibly small near the horizon exit and become non-trivial only towards the end of inflation where η parameter becomes close to unity.
Running of non-Gaussianity parameters
Running of f N L Using (44), the running of f N L can be computed as
Now utilizing the first two evolution equations of (25) for N A and N AB given as follows
the expression (49) for n f N L is simplified to the one given below
The four terms are similar to those given in [66] . Again the last two terms are new and did not appear in the expression given in [66] , since A ab 11 ∼ G ab nullifies the term
. Further using the expression of scalar spectral index (32) , it is good to point out that our expression of running of f N L can be written in analogous form to that of [106] as below
= I + II + III + IV .
The numerical details for four trajectories are given in Figure 14 which indicate that n f N L are non-trivial only towards the end of inflation where η parameter becomes close to unity. 
Running of τ N L
Using (44), the running of τ N L can be represented as
Again, using the expression of scalar spectral index (32) , the first bracket terms in (52) reduces to −3 (n S − 1 + 2 ), and thus our expression of running of τ N L receives an analogous form to that of [106] . The numerical details for four trajectories are given in Figure 15 which indicate that n τ N L are non-trivial only towards the end of inflation where η parameter becomes close to unity. 
Running of g N L
Using (44), the running of g N L can be represented as
To simplify the aforementioned running of g N L , we use equation (25) to get the following
where we have neglected the terms with derivatives of A AB as those are found to be negligible in all the previous analysis. The numerical details for four trajectories are given in Figure 16 which indicate that n g N L are non-trivial only in the regions where η parameter becomes close to unity. 
Conclusions
In this article, we presented a general analytic expressions for various cosmological observables in the context of a multi-field inflation driven on a non-flat field space. A closer investigation has been made regarding the 'new' contributions to various cosmological observables coming from the non-trivial field space metric, which appears in the standard kinetic term of the scalar field Lagrangian. Subsequently, we recovered the known results as limiting cases from the analytic expressions we derived. The basic idea has been to rewrite all the cosmological variables in terms of field derivatives of number of e-foldings N and thereafter to solve the differential equation governing the evolution by utilizing the so-called 'backward formalism'. For this purpose, we translated the whole problem in solving for the evolution of field-derivatives of N in form of a set of coupled order-one differential equations for vector N A , 2-tensor N AB and 3-tensor N ABC quantities. Following the strategy of Yokoyama et al [19] , each of the index A counts as 2 n, where n is the number of scalar fields taking part in the inflationary process. This happens because each second-order differential equations for n-inflatons has been equivalently written as the first-order differential equations (18) for 2 n number of fields. The same implies that the evolution equations for N A results into 2 n differential equations while those of N AB and N ABC result in 4 n 2 and 8 n 3 orderone differential equations, respectively. This is obvious that the numerical analysis gets difficult for large number of scalar fields involved, however, we exemplified the analytic results for a two-field inflationary model, and hence the analysis still remains well under controlled as well as efficient for solving 84 order-one (but coupled) differential equations.
The analytic expressions of various cosmological observables have been utilized for a detailed numerical analysis in a two field inflationary model realized in the context of large volume scenarios. In this model, the inflationary process is driven by a socalled Wilson divisor volume modulus and its respective C 4 axion appearing in the chiral coordinate. The same results in a 'roulette' type inflation in which depending on the initial conditions, various inflationary trajectories can generate sufficient number of efoldings as well as significant curving during the inflationary dynamics. Apart from a consistent realization of CMB results, we have also studied the scale dependence of nonGaussianity observables which could be interesting from the point of view of upcoming experiments. The analytic expressions for various cosmological observables derived in this article could be useful for any generic multi-field inflationary potential. 
In general, A AB depends on the non-flat background metric as well as on the slow-roll parameters. Up to a good approximation, the two point correlator of ϕ a 1 fluctuations are given as [99] δϕ a 1 * δϕ
In the above expression, α = 2 − ln 2 − γ 0.7296 where γ 0.5772 is the EulerMascheroni constant [99, 100, 58] , and ab is defined as
Now comparing Eqs. (55) and (56), we simply get the component A 
The aforementioned evolution equation (58) 
By using relations (59) along with (55) and (56), all the components of A AB can be immediately picked up as follows 
14 The relation (59) differs to the analogous expression given in [18] , and the difference is due to definition of their ϕ Note that, the leading order slow-roll correction to A ab 11 are also consistent with those of [100, 58] , for example, with a diagonal field space metric G ab , the off-diagonal contributions to A ab 11 appears only with non-standard corrections with coefficient α. Also, in slow-roll regime the following relations holds [107] , Now utilizing the various components of (60), we get another useful relation Using the aforementioned relation, one can observe that A 
A.2 Initial conditions for solving the evolution equations
The expressions of various derivatives of e-folding N evaluated at a final time-hypersurface t F (e.g. N 
+3
Here, the various expressions for H A , H AB , H ABC can be computed as field ϕ A derivatives of H. For example, Similarly, the components of H ABC as well as Q A BC and Q A BCD can be computed [47] .
